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Single-molecule experiments have found near-perfect thermodynamic efficiency in the rotary motor
F1-ATP synthase. To help elucidate the principles underlying nonequilibrium energetic efficiency in
such stochastic machines, we investigate driving protocols that minimize dissipation near equilibrium
in a simple model rotary mechanochemical motor, as determined by a generalized friction coefficient.
Our simple model has a periodic friction coefficient that peaks near system energy barriers. This
implies a minimum-dissipation protocol that proceeds rapidly when the system is overwhelmingly in
a single macrostate, but slows significantly near energy barriers, thereby harnessing thermal fluctu-
ations to kick the system over energy barriers with minimal work input. This model also manifests
a phenomenon not seen in otherwise similar non-periodic systems: sufficiently fast protocols can
effectively lap the system. While this leads to a non-trivial tradeoff between accuracy of driving
and energetic cost, we find that our designed protocols out-perform naive protocols.
I. INTRODUCTION
Molecular motors are nanometer-scale protein com-
plexes that convert between different forms of energy.
Nature has evolved such motors to play key roles in many
essential cellular processes [1]. For example, three fam-
ilies of molecular motors (myosin, kinesin, and dynein)
use chemical free energy to drive their translational mo-
tion and thereby accomplish useful work, powering a wide
variety of intracellular movements [2].
FoF1-ATP synthase [3] is of central importance in vir-
tually all living things, because it synthesizes the ATP
molecules that myriad other biological components con-
sume to drive otherwise unfavorable reactions. ATP syn-
thase couples to an electrochemical proton gradient to
drive the synthesis of high free energy ATP from low free
energy ADP and inorganic phosphate. Despite FoF1’s
complex molecular structure, the coupling is mechani-
cally simple [4] (compared to another rotary biomolec-
ular motor, the bacterial flagellum [5]), with a rotating
crankshaft connecting the integral membrane Fo compo-
nent to the soluble F1 and thereby communicating work.
Various single-molecule experiments monitor F1’s spon-
taneous behavior or probe its driven behavior by per-
turbing F1 to force rotation of the central crankshaft [6–
8]. For example, with a magnetic bead attached to the
central crankshaft, a rotating magnetic field can force ro-
tation of the bead which, in turn, forces rotation of the
crankshaft.
Among many conceivable constraints, these biomolecu-
lar motors face a functional incentive to reduce the unnec-
essary losses during their energy transduction processes.
For example, a substantial fraction of energy consump-
tion runs through ATP synthase [9], indicating that ef-
ficient operation can significantly impact the total cel-
lular energy consumption. And indeed, empirically F1-
∗ Current address: Department of Philosophy of Science, Sharif
University of Science and Technology, Tehran, Iran
† dsivak@sfu.ca
ATP synthase has been found to be remarkably efficient,
approaching 100% [10], albeit this mechanical efficiency
was experimentally measured in a highly viscous medium
near stall torque.
But ATP synthase must be far from equilibrium to
productively function in vivo, synthesizing more ATP
than it hydrolyzes and doing so at a rate sufficient to
maintain cellular ATP stores. Indeed all biological mo-
tors must break detailed balance to achieve directed mo-
tion [11, 12]. So appeals to quasistatic limits may be
less relevant for understanding the evolved behavior of
these central biological energy transducers. Yet we gen-
erally lack even a scale on which to understand motor
efficiency far from equilibrium.
Moreover, at ambient temperatures these nanoscale
protein-based machines experience large conformational
fluctuations. Such fluctuations are inherent to their
motion, producing experimentally measurable behavior
ranging from side steps to reverse operation [13].
Thus, there is great interest in characterizing and
understanding the fundamental physical limits on
the nonequilibrium operation of strongly fluctuating
nanoscale systems. Bioengineers would benefit from sys-
tematic understanding of how to harness, rather than
oppose, the irresistible influence of thermal fluctua-
tions [14].
In this paper, we examine molecular motor efficiency
by asking: how should a motor be driven to a new con-
formational ensemble in a limited time, at minimal en-
ergetic cost? This may capture elements of the essential
biophysical problem facing Fo, which accrues selective
advantage when it can drive F1 to synthesize ATP at
reduced cost, quantified by the protons run down the
cross-membrane electrochemical potential difference. In
particular, we study driving protocols that reduce the
average work required to rapidly drive a strongly fluctu-
ating system. To this end, we make use of a recently
developed near-equilibrium theoretical framework that
quantifies a system’s nonequilibrium response to a time-
dependent external perturbation, and hence its dissipa-
tion, in terms of a generalized friction coefficient [15–22].
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2We apply this theoretical framework to identify the
minimum-dissipation driving protocol for a simple model
system of a stochastic rotary molecular machine, that
represents the essential physics of recent single-molecule
experiments on F1-ATP synthase [23] and its chemical
reaction cycle. We find that the designed protocol pro-
ceeds rapidly where the system quickly relaxes within a
single mechanical basin. Conversely, the protocol pro-
ceeds slowly when crossing the energetic barrier sepa-
rating metastable states. We also find that, while there
are nontrivial tradeoffs between work and machine flux,
the designed protocols nevertheless improve upon simple
naive driving protocols, particularly at modest driving
speeds.
II. THEORY
The nonequilibrium excess power Pex(t0) at time t0
along a driving protocol Λ (a dynamic time course of a
control parameter λ) is approximated near equilibrium
by [15]
Pex(t0) ≈ ζ(λ(t0))
(
dλ
dt
)2
t0
. (1)
Here the generalized friction coefficient,
ζ(λ(t0)) = β
∫ ∞
0
dt′〈δf(0)δf(t′)〉λ(t0) , (2)
is the time integral of the force autocovariance func-
tion 〈δf(0)δf(t′)〉λ(t0), defined in terms of the equilib-
rium fluctuations δf ≡ f − 〈f〉λ(t0) of conjugate force
fi ≡ −∂Ei(λ)∂λ . β ≡ (kBT )−1 is the inverse temperature.
Angled brackets with subscript λ(t0) denote an ensem-
ble average for equilibrium probability distribution pi at
fixed control parameter. (1) is most accurate in the limit
of slow driving, when the system remains close to its
equilibrium distribution.
The friction coefficient can be decomposed into
ζ(t0) = β trelax [λ(t0)] 〈δf2〉λ(t0) , (3)
for equilibrium force variance 〈δf2〉 ≡ 〈δf(0)δf(0)〉λ(t0)
at fixed control parameter λ(t0), and integral relaxation
time
trelax [λ(t0)] ≡ β
∫ ∞
0
dt′
〈δf(0)δf(t′)〉λ(t0)
〈δf2〉λ(t0)
. (4)
A designed protocol (chosen to minimize dissipation
within this linear-response framework) proceeds at a ve-
locity proportional to the inverse square root of the gen-
eralized friction coefficient ζ(λ(t)) [15],
d
dt
λdesigned(t) ∝ ζ(λ(t))−(1/2) , (5)
where the proportionality is set by requiring the proto-
col complete in duration tΛ. Substituting (5) into (1)
results in excess power being constant across a designed
protocol.
III. MODEL
In this work we take inspiration from F1-ATP syn-
thase; however, these results in principle generalize to
any other periodic motor that couples mechanics and
chemistry (e.g., kinesin [24]). Experimentally, F1-ATP
synthase can be driven by a time-dependent sinusoidal
potential due to the interaction between a magnetic
trap and a magnetic bead attached to the motor’s cen-
tral crankshaft [25]. The magnetic trap can be rotated
to drive the magnetic bead, and hence the attached
crankshaft, over a sequence of rotational mechanical en-
ergy barriers separating the intrinsic metastable states of
the motor.
At moderate temporal resolution, current experiments
find three metastable crankshaft angles separated by
2pi/3 [10]. Therefore, we model the molecular poten-
tial as consisting of three states on a ring (Fig. 1a). Our
coarse-grained model only resolves the mechanical rota-
tional steps, corresponding to i ∈ {1, 2, 3}. We implicitly
assume a tight coupling between the mechanical motion
of F1 and the chemical steps of synthesis/hydrolysis and
binding/unbinding of ATP and its hydrolysis products.
We also implicitly hold chemical concentrations fixed at
equilibrium ratios.
Thus, we simulate the state of our system as a par-
ticle diffusing over a periodic energy landscape com-
prised of two components: a time-independent sinusoidal
molecular potential with periodicity 2pi/3 and amplitude
βEmolec (motivated by the statistical mechanics of a sys-
tem with three metastable conformational mesostates),
and a time-dependent sinusoidal magnetic trap potential
with periodicity 2pi, amplitude βEtrap, and minimum at
our control parameter θ0 (Fig. 1b).
The external time-dependent driving force, a rotating
magnetic trap, is modeled by a sinusoidal potential. The
magnetic trap imposes a preferred orientation θ0 (corre-
sponding to the minimum of the periodic potential) on
the magnetic bead, that is changed according to a de-
terministic rotation schedule specified by (5). The ro-
tation schedule defines a given protocol Θ0. (For sim-
plicity, we restrict our analysis here to the optimization
of a single control parameter—the rotational angle of a
magnetic trap—but one could generalize this study to
simultaneous variation of multiple control parameters,
such as magnetic trap angle and stiffness, using multi-
dimensional optimization methods applied to more com-
plex systems [26].)
A three-dimensional probability vector p(t) repre-
sents the probability distribution over system microstates
at time t. Variation of the control parameter drives
the system distribution away from equilibrium, with a
time-dependent evolution according to the master equa-
tion [27–29],
dp(t)
dt
= p(t)R(t), (6)
where R(t) is a tridiagonal 3 × 3 transition rate matrix
3magnetic trap
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23
d✓0
dt
<latexit sha1_base64="DuXWSlrb09LP5CdL040D 089N3gk=">AAADOXicZVLLihNBFK20r8n4yujSTWEQXISQjoIjuBgU0eUoxhlIN6FSfTtdpKq7qLotCUV9 kb/gT7hUceNK3PoDVh7qdHKhm8M5516Ke+5US2FxMPjSii5dvnL12kH78PqNm7dud47uvLdVbTiMeCUrcz 5lFqQoYYQCJZxrA0xNJZxN5y9W+tkHMFZU5TtcakgVm5UiF5xhoCadlwnCAtdzxm9fPU9d3IuHj3pxfOxd kuWGcZcohoVRLvMJFoBs4gbeX2DR+0mnO+gP1kX3QbwFXbKt08lR63uSVbxWUCKXzNpxPNSYOmZQcAmeUt o+TGoLmvE5m4GbQaUAzXKl/Kt28PwVnAREMJppMA3TBe//eWPNTC6kTF0Adi603/e4mWG6EHzh2+0dhSlrl 2rqG+RmkUr7XetqU73VD6tK2qZsRV0KXDTJsHYFWZNTBS9A+Z2llPvPyMVC4mIIDXYcYBmG2tSts/b0QWA ymlcmfCXSNdvswPw4daLUNULJNw15LSlWdHVINBMGOMplAIwbEXKjvGDhYEIKNhxEvBv/PhgN+0/78ZvH3 ZNn28s4IPfIffKQxOQJOSGvySkZEU4+ks/kK/kWfYp+RD+jXxtr1Nr23CWNin7/ARvoCDA=</latexit><latexit sha1_base64="DuXWSlrb09LP5CdL040D 089N3gk=">AAADOXicZVLLihNBFK20r8n4yujSTWEQXISQjoIjuBgU0eUoxhlIN6FSfTtdpKq7qLotCUV9 kb/gT7hUceNK3PoDVh7qdHKhm8M5516Ke+5US2FxMPjSii5dvnL12kH78PqNm7dud47uvLdVbTiMeCUrcz 5lFqQoYYQCJZxrA0xNJZxN5y9W+tkHMFZU5TtcakgVm5UiF5xhoCadlwnCAtdzxm9fPU9d3IuHj3pxfOxd kuWGcZcohoVRLvMJFoBs4gbeX2DR+0mnO+gP1kX3QbwFXbKt08lR63uSVbxWUCKXzNpxPNSYOmZQcAmeUt o+TGoLmvE5m4GbQaUAzXKl/Kt28PwVnAREMJppMA3TBe//eWPNTC6kTF0Adi603/e4mWG6EHzh2+0dhSlrl 2rqG+RmkUr7XetqU73VD6tK2qZsRV0KXDTJsHYFWZNTBS9A+Z2llPvPyMVC4mIIDXYcYBmG2tSts/b0QWA ymlcmfCXSNdvswPw4daLUNULJNw15LSlWdHVINBMGOMplAIwbEXKjvGDhYEIKNhxEvBv/PhgN+0/78ZvH3 ZNn28s4IPfIffKQxOQJOSGvySkZEU4+ks/kK/kWfYp+RD+jXxtr1Nr23CWNin7/ARvoCDA=</latexit><latexit sha1_base64="DuXWSlrb09LP5CdL040D 089N3gk=">AAADOXicZVLLihNBFK20r8n4yujSTWEQXISQjoIjuBgU0eUoxhlIN6FSfTtdpKq7qLotCUV9 kb/gT7hUceNK3PoDVh7qdHKhm8M5516Ke+5US2FxMPjSii5dvnL12kH78PqNm7dud47uvLdVbTiMeCUrcz 5lFqQoYYQCJZxrA0xNJZxN5y9W+tkHMFZU5TtcakgVm5UiF5xhoCadlwnCAtdzxm9fPU9d3IuHj3pxfOxd kuWGcZcohoVRLvMJFoBs4gbeX2DR+0mnO+gP1kX3QbwFXbKt08lR63uSVbxWUCKXzNpxPNSYOmZQcAmeUt o+TGoLmvE5m4GbQaUAzXKl/Kt28PwVnAREMJppMA3TBe//eWPNTC6kTF0Adi603/e4mWG6EHzh2+0dhSlrl 2rqG+RmkUr7XetqU73VD6tK2qZsRV0KXDTJsHYFWZNTBS9A+Z2llPvPyMVC4mIIDXYcYBmG2tSts/b0QWA ymlcmfCXSNdvswPw4daLUNULJNw15LSlWdHVINBMGOMplAIwbEXKjvGDhYEIKNhxEvBv/PhgN+0/78ZvH3 ZNn28s4IPfIffKQxOQJOSGvySkZEU4+ks/kK/kWfYp+RD+jXxtr1Nr23CWNin7/ARvoCDA=</latexit><latexit sha1_base64="DuXWSlrb09LP5CdL040D 089N3gk=">AAADOXicZVLLihNBFK20r8n4yujSTWEQXISQjoIjuBgU0eUoxhlIN6FSfTtdpKq7qLotCUV9 kb/gT7hUceNK3PoDVh7qdHKhm8M5516Ke+5US2FxMPjSii5dvnL12kH78PqNm7dud47uvLdVbTiMeCUrcz 5lFqQoYYQCJZxrA0xNJZxN5y9W+tkHMFZU5TtcakgVm5UiF5xhoCadlwnCAtdzxm9fPU9d3IuHj3pxfOxd kuWGcZcohoVRLvMJFoBs4gbeX2DR+0mnO+gP1kX3QbwFXbKt08lR63uSVbxWUCKXzNpxPNSYOmZQcAmeUt o+TGoLmvE5m4GbQaUAzXKl/Kt28PwVnAREMJppMA3TBe//eWPNTC6kTF0Adi603/e4mWG6EHzh2+0dhSlrl 2rqG+RmkUr7XetqU73VD6tK2qZsRV0KXDTJsHYFWZNTBS9A+Z2llPvPyMVC4mIIDXYcYBmG2tSts/b0QWA ymlcmfCXSNdvswPw4daLUNULJNw15LSlWdHVINBMGOMplAIwbEXKjvGDhYEIKNhxEvBv/PhgN+0/78ZvH3 ZNn28s4IPfIffKQxOQJOSGvySkZEU4+ks/kK/kWfYp+RD+jXxtr1Nr23CWNin7/ARvoCDA=</latexit>
(a) 1
1 2 3
Emolec<latexit sha1_base64="xVsJ45zIsYhclB0c0WAApAVoPmA=">AAADB3icdVLLahsxF JWnr0z6ctJlN6Km0EUxMyaOE+giUApdplAnAXswsnzHFpZGQrpTxgzzAfmJbNtdd6XbfkYX/ZdqHKftOPSCxOGccy9C90yNFA6j6GcruHP33v0HO+Huw0ePnzxt7+2fOZ1bDkOupb YXU+ZAigyGKFDChbHA1FTC+XT5ttbPP4F1QmcfcWUgUWyeiVRwhp6atPffTcqxYriwqlRaAq+qSbsTdY+PokH/kEbdftSPDgceRP140DumcTdaV4ds6nSy1/o1nmmeK8iQS+bcKO4 ZTEpmUXAJFaU03B3nDgzjSzaHcg5aAdpVrfyp0HtuhFICIljDDNiG6R/v33kjw2wqpExKD9xSmOq2p5xbZhaCF1UYbilMObdS06pBIhTItTLVtrX+q9f1hVpL15SdyDOBRZNMLVMw a3JqwRegqq1PyW4/IxWFxKIHDXbkYeaHuqRcB6CiLz0zo6m2/mRI12yzA9OjpBSZyREyft2Q5pKipnUq6ExY4ChXHjBuhd8b5QtmGfdbcD4QN1un/wdnvW4cdeMPB52TN5to7JDn5 AV5RWIyICfkPTklQ8JJQa7IZ/IluAy+Bt+C79fWoLXpeUYaFfz4DQK883M=</latexit><latexit sha1_base64="xVsJ45zIsYhclB0c0WAApAVoPmA=">AAADB3icdVLLahsxF JWnr0z6ctJlN6Km0EUxMyaOE+giUApdplAnAXswsnzHFpZGQrpTxgzzAfmJbNtdd6XbfkYX/ZdqHKftOPSCxOGccy9C90yNFA6j6GcruHP33v0HO+Huw0ePnzxt7+2fOZ1bDkOupb YXU+ZAigyGKFDChbHA1FTC+XT5ttbPP4F1QmcfcWUgUWyeiVRwhp6atPffTcqxYriwqlRaAq+qSbsTdY+PokH/kEbdftSPDgceRP140DumcTdaV4ds6nSy1/o1nmmeK8iQS+bcKO4 ZTEpmUXAJFaU03B3nDgzjSzaHcg5aAdpVrfyp0HtuhFICIljDDNiG6R/v33kjw2wqpExKD9xSmOq2p5xbZhaCF1UYbilMObdS06pBIhTItTLVtrX+q9f1hVpL15SdyDOBRZNMLVMw a3JqwRegqq1PyW4/IxWFxKIHDXbkYeaHuqRcB6CiLz0zo6m2/mRI12yzA9OjpBSZyREyft2Q5pKipnUq6ExY4ChXHjBuhd8b5QtmGfdbcD4QN1un/wdnvW4cdeMPB52TN5to7JDn5 AV5RWIyICfkPTklQ8JJQa7IZ/IluAy+Bt+C79fWoLXpeUYaFfz4DQK883M=</latexit><latexit sha1_base64="xVsJ45zIsYhclB0c0WAApAVoPmA=">AAADB3icdVLLahsxF JWnr0z6ctJlN6Km0EUxMyaOE+giUApdplAnAXswsnzHFpZGQrpTxgzzAfmJbNtdd6XbfkYX/ZdqHKftOPSCxOGccy9C90yNFA6j6GcruHP33v0HO+Huw0ePnzxt7+2fOZ1bDkOupb YXU+ZAigyGKFDChbHA1FTC+XT5ttbPP4F1QmcfcWUgUWyeiVRwhp6atPffTcqxYriwqlRaAq+qSbsTdY+PokH/kEbdftSPDgceRP140DumcTdaV4ds6nSy1/o1nmmeK8iQS+bcKO4 ZTEpmUXAJFaU03B3nDgzjSzaHcg5aAdpVrfyp0HtuhFICIljDDNiG6R/v33kjw2wqpExKD9xSmOq2p5xbZhaCF1UYbilMObdS06pBIhTItTLVtrX+q9f1hVpL15SdyDOBRZNMLVMw a3JqwRegqq1PyW4/IxWFxKIHDXbkYeaHuqRcB6CiLz0zo6m2/mRI12yzA9OjpBSZyREyft2Q5pKipnUq6ExY4ChXHjBuhd8b5QtmGfdbcD4QN1un/wdnvW4cdeMPB52TN5to7JDn5 AV5RWIyICfkPTklQ8JJQa7IZ/IluAy+Bt+C79fWoLXpeUYaFfz4DQK883M=</latexit><latexit sha1_base64="xVsJ45zIsYhclB0c0WAApAVoPmA=">AAADB3icdVLLahsxF JWnr0z6ctJlN6Km0EUxMyaOE+giUApdplAnAXswsnzHFpZGQrpTxgzzAfmJbNtdd6XbfkYX/ZdqHKftOPSCxOGccy9C90yNFA6j6GcruHP33v0HO+Huw0ePnzxt7+2fOZ1bDkOupb YXU+ZAigyGKFDChbHA1FTC+XT5ttbPP4F1QmcfcWUgUWyeiVRwhp6atPffTcqxYriwqlRaAq+qSbsTdY+PokH/kEbdftSPDgceRP140DumcTdaV4ds6nSy1/o1nmmeK8iQS+bcKO4 ZTEpmUXAJFaU03B3nDgzjSzaHcg5aAdpVrfyp0HtuhFICIljDDNiG6R/v33kjw2wqpExKD9xSmOq2p5xbZhaCF1UYbilMObdS06pBIhTItTLVtrX+q9f1hVpL15SdyDOBRZNMLVMw a3JqwRegqq1PyW4/IxWFxKIHDXbkYeaHuqRcB6CiLz0zo6m2/mRI12yzA9OjpBSZyREyft2Q5pKipnUq6ExY4ChXHjBuhd8b5QtmGfdbcD4QN1un/wdnvW4cdeMPB52TN5to7JDn5 AV5RWIyICfkPTklQ8JJQa7IZ/IluAy+Bt+C79fWoLXpeUYaFfz4DQK883M=</latexit>
1
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 E‡ij
<latexit sha1_base64="ktpVfTZXNHAyzhZYyMnqHkAZ0sM=">AAADJXicZ VLbqhMxFE3H25njrUcffQkWwYdSOkW0gg8HL+jjUaznQDuWNLOnjU1mQrJHWkK+w1/wJ3zVN59E8EH8FdOLl2k3JCzWWnsTsvZES2Gx2/3RiM6dv3Dx0kF8eP nK1WvXm0c33tiyMhwGvJSlOZswC1IUMECBEs60AaYmEk4n8ycr/fQ9GCvK4jUuNaSKTQuRC84wUONmMkJY4HrO8NXzx6nrtpOk3076970bPQWJjD4bO/HOv3W jLGNT78fNVrfTXRfdB8kWtMi2TsZHjZ+jrOSVggK5ZNYOk57G1DGDgkvwlNL4cFRZ0IzP2RTcFEoFaJYr5W/FwfNHcBIQwWimwdRM/3n/zRtqZnIhZeoCsHOh /b7HTQ3TM8EXPo53FKasXaqJr5GbT1Pa71oVw1l7dWFZSluXragKgYs6mRumIKtzasZnoPzOpxT7z8jFQuKiBzV2GGARhtrUrXP19E5gMpqXJpwC6Zqtd2DeT 50odIVQ8E1DXkmKJV0tDc2EAY5yGQDjRoTcKJ8xw3hIwYaFSHbj3weDXudhJ3l5r3X8aLsZB+QWuU3ukoQ8IMfkBTkhA8LJB/KJfCZfoo/R1+hb9H1jjRrbnp ukVtGv3wgP/j0=</latexit><latexit sha1_base64="ktpVfTZXNHAyzhZYyMnqHkAZ0sM=">AAADJXicZ VLbqhMxFE3H25njrUcffQkWwYdSOkW0gg8HL+jjUaznQDuWNLOnjU1mQrJHWkK+w1/wJ3zVN59E8EH8FdOLl2k3JCzWWnsTsvZES2Gx2/3RiM6dv3Dx0kF8eP nK1WvXm0c33tiyMhwGvJSlOZswC1IUMECBEs60AaYmEk4n8ycr/fQ9GCvK4jUuNaSKTQuRC84wUONmMkJY4HrO8NXzx6nrtpOk3076970bPQWJjD4bO/HOv3W jLGNT78fNVrfTXRfdB8kWtMi2TsZHjZ+jrOSVggK5ZNYOk57G1DGDgkvwlNL4cFRZ0IzP2RTcFEoFaJYr5W/FwfNHcBIQwWimwdRM/3n/zRtqZnIhZeoCsHOh /b7HTQ3TM8EXPo53FKasXaqJr5GbT1Pa71oVw1l7dWFZSluXragKgYs6mRumIKtzasZnoPzOpxT7z8jFQuKiBzV2GGARhtrUrXP19E5gMpqXJpwC6Zqtd2DeT 50odIVQ8E1DXkmKJV0tDc2EAY5yGQDjRoTcKJ8xw3hIwYaFSHbj3weDXudhJ3l5r3X8aLsZB+QWuU3ukoQ8IMfkBTkhA8LJB/KJfCZfoo/R1+hb9H1jjRrbnp ukVtGv3wgP/j0=</latexit><latexit sha1_base64="ktpVfTZXNHAyzhZYyMnqHkAZ0sM=">AAADJXicZ VLbqhMxFE3H25njrUcffQkWwYdSOkW0gg8HL+jjUaznQDuWNLOnjU1mQrJHWkK+w1/wJ3zVN59E8EH8FdOLl2k3JCzWWnsTsvZES2Gx2/3RiM6dv3Dx0kF8eP nK1WvXm0c33tiyMhwGvJSlOZswC1IUMECBEs60AaYmEk4n8ycr/fQ9GCvK4jUuNaSKTQuRC84wUONmMkJY4HrO8NXzx6nrtpOk3076970bPQWJjD4bO/HOv3W jLGNT78fNVrfTXRfdB8kWtMi2TsZHjZ+jrOSVggK5ZNYOk57G1DGDgkvwlNL4cFRZ0IzP2RTcFEoFaJYr5W/FwfNHcBIQwWimwdRM/3n/zRtqZnIhZeoCsHOh /b7HTQ3TM8EXPo53FKasXaqJr5GbT1Pa71oVw1l7dWFZSluXragKgYs6mRumIKtzasZnoPzOpxT7z8jFQuKiBzV2GGARhtrUrXP19E5gMpqXJpwC6Zqtd2DeT 50odIVQ8E1DXkmKJV0tDc2EAY5yGQDjRoTcKJ8xw3hIwYaFSHbj3weDXudhJ3l5r3X8aLsZB+QWuU3ukoQ8IMfkBTkhA8LJB/KJfCZfoo/R1+hb9H1jjRrbnp ukVtGv3wgP/j0=</latexit><latexit sha1_base64="ktpVfTZXNHAyzhZYyMnqHkAZ0sM=">AAADJXicZ VLbqhMxFE3H25njrUcffQkWwYdSOkW0gg8HL+jjUaznQDuWNLOnjU1mQrJHWkK+w1/wJ3zVN59E8EH8FdOLl2k3JCzWWnsTsvZES2Gx2/3RiM6dv3Dx0kF8eP nK1WvXm0c33tiyMhwGvJSlOZswC1IUMECBEs60AaYmEk4n8ycr/fQ9GCvK4jUuNaSKTQuRC84wUONmMkJY4HrO8NXzx6nrtpOk3076970bPQWJjD4bO/HOv3W jLGNT78fNVrfTXRfdB8kWtMi2TsZHjZ+jrOSVggK5ZNYOk57G1DGDgkvwlNL4cFRZ0IzP2RTcFEoFaJYr5W/FwfNHcBIQwWimwdRM/3n/zRtqZnIhZeoCsHOh /b7HTQ3TM8EXPo53FKasXaqJr5GbT1Pa71oVw1l7dWFZSluXragKgYs6mRumIKtzasZnoPzOpxT7z8jFQuKiBzV2GGARhtrUrXP19E5gMpqXJpwC6Zqtd2DeT 50odIVQ8E1DXkmKJV0tDc2EAY5yGQDjRoTcKJ8xw3hIwYaFSHbj3weDXudhJ3l5r3X8aLsZB+QWuU3ukoQ8IMfkBTkhA8LJB/KJfCZfoo/R1+hb9H1jjRrbnp ukVtGv3wgP/j0=</latexit>
 Eij
<latexit sha1_base64="rxco3Dpfy0g7OolWMMAt/sE4LCs=">A AADHHicZVLLihNBFK20r+nxldGlm8IgzCKE7ig4A7MYfKDLUYwzkDShunI7KVNVXVTdlg5N/4K/4E+41Z0rcSu48F+sPHx0cqGKwznnXo o6NzVSOIyin63g0uUrV6/thfvXb9y8dbt9cOetywvLYcBzmduLlDmQQsMABUq4MBaYSiWcp/OnS/38PVgncv0GFwYSxaZaZIIz9NS4fT hCKHE1Z/j6xZOkio/ibv9hN6qr0TOQyOjzcSXe1fW43Yl60aroLog3oEM2dTY+aP0aTXJeKNDIJXNuGPcNJhWzKLiEmlIa7o8KB4bxOZt CNYVcAdrFUvlboff8ESoJiGANM2Abpv+8/+YNDbOZkDKpPHBzYepdTzW1zMwEL+sw3FKYcm6h0rpBrv9KmXrbqhjOussL81y6puxEoQWW TTKzTMGkyakZn4Gqtz5F7z4jE6XEsg8Nduih9kNdUq3irOkDz0xollt/NNIV2+zA7CiphDYFgubrhqyQFHO63BU6ERY4yoUHjFvhc6N8x izjPgXnFyLejn8XDPq941786lHn9GSzGXvkHrlPDklMHpNT8pKckQHh5AP5RD6TL8HH4GvwLfi+tgatTc9d0qjgx287FPpn</latexit><latexit sha1_base64="rxco3Dpfy0g7OolWMMAt/sE4LCs=">A AADHHicZVLLihNBFK20r+nxldGlm8IgzCKE7ig4A7MYfKDLUYwzkDShunI7KVNVXVTdlg5N/4K/4E+41Z0rcSu48F+sPHx0cqGKwznnXo o6NzVSOIyin63g0uUrV6/thfvXb9y8dbt9cOetywvLYcBzmduLlDmQQsMABUq4MBaYSiWcp/OnS/38PVgncv0GFwYSxaZaZIIz9NS4fT hCKHE1Z/j6xZOkio/ibv9hN6qr0TOQyOjzcSXe1fW43Yl60aroLog3oEM2dTY+aP0aTXJeKNDIJXNuGPcNJhWzKLiEmlIa7o8KB4bxOZt CNYVcAdrFUvlboff8ESoJiGANM2Abpv+8/+YNDbOZkDKpPHBzYepdTzW1zMwEL+sw3FKYcm6h0rpBrv9KmXrbqhjOussL81y6puxEoQWW TTKzTMGkyakZn4Gqtz5F7z4jE6XEsg8Nduih9kNdUq3irOkDz0xollt/NNIV2+zA7CiphDYFgubrhqyQFHO63BU6ERY4yoUHjFvhc6N8x izjPgXnFyLejn8XDPq941786lHn9GSzGXvkHrlPDklMHpNT8pKckQHh5AP5RD6TL8HH4GvwLfi+tgatTc9d0qjgx287FPpn</latexit><latexit sha1_base64="rxco3Dpfy0g7OolWMMAt/sE4LCs=">A AADHHicZVLLihNBFK20r+nxldGlm8IgzCKE7ig4A7MYfKDLUYwzkDShunI7KVNVXVTdlg5N/4K/4E+41Z0rcSu48F+sPHx0cqGKwznnXo o6NzVSOIyin63g0uUrV6/thfvXb9y8dbt9cOetywvLYcBzmduLlDmQQsMABUq4MBaYSiWcp/OnS/38PVgncv0GFwYSxaZaZIIz9NS4fT hCKHE1Z/j6xZOkio/ibv9hN6qr0TOQyOjzcSXe1fW43Yl60aroLog3oEM2dTY+aP0aTXJeKNDIJXNuGPcNJhWzKLiEmlIa7o8KB4bxOZt CNYVcAdrFUvlboff8ESoJiGANM2Abpv+8/+YNDbOZkDKpPHBzYepdTzW1zMwEL+sw3FKYcm6h0rpBrv9KmXrbqhjOussL81y6puxEoQWW TTKzTMGkyakZn4Gqtz5F7z4jE6XEsg8Nduih9kNdUq3irOkDz0xollt/NNIV2+zA7CiphDYFgubrhqyQFHO63BU6ERY4yoUHjFvhc6N8x izjPgXnFyLejn8XDPq941786lHn9GSzGXvkHrlPDklMHpNT8pKckQHh5AP5RD6TL8HH4GvwLfi+tgatTc9d0qjgx287FPpn</latexit><latexit sha1_base64="rxco3Dpfy0g7OolWMMAt/sE4LCs=">A AADHHicZVLLihNBFK20r+nxldGlm8IgzCKE7ig4A7MYfKDLUYwzkDShunI7KVNVXVTdlg5N/4K/4E+41Z0rcSu48F+sPHx0cqGKwznnXo o6NzVSOIyin63g0uUrV6/thfvXb9y8dbt9cOetywvLYcBzmduLlDmQQsMABUq4MBaYSiWcp/OnS/38PVgncv0GFwYSxaZaZIIz9NS4fT hCKHE1Z/j6xZOkio/ibv9hN6qr0TOQyOjzcSXe1fW43Yl60aroLog3oEM2dTY+aP0aTXJeKNDIJXNuGPcNJhWzKLiEmlIa7o8KB4bxOZt CNYVcAdrFUvlboff8ESoJiGANM2Abpv+8/+YNDbOZkDKpPHBzYepdTzW1zMwEL+sw3FKYcm6h0rpBrv9KmXrbqhjOussL81y6puxEoQWW TTKzTMGkyakZn4Gqtz5F7z4jE6XEsg8Nduih9kNdUq3irOkDz0xollt/NNIV2+zA7CiphDYFgubrhqyQFHO63BU6ERY4yoUHjFvhc6N8x izjPgXnFyLejn8XDPq941786lHn9GSzGXvkHrlPDklMHpNT8pKckQHh5AP5RD6TL8HH4GvwLfi+tgatTc9d0qjgx287FPpn</latexit>
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FIG. 1. (a) A simple model of a rotary mechanochemical machine driven by a magnetic trap. The conformational states i = 1,
i = 2, i = 3 (red circles) have angular locations θ = 0, 2pi/3, and 4pi/3, respectively. Transitions correspond to crankshaft
rotation. The magnetic trap is parameterized by the angular orientation of the trap minimum θ0 (the control parameter) relative
to state i = 1 at θ = 0. (b) Schematic of the intrinsic molecular potential, the magnetic potential, and their superposition that
comprises the system’s energy landscape. Mechanical barriers of height ∆E‡ij(t) (7b) at pi/3, pi, and 5pi/3 (blue arrow) and
energy differences ∆Eij(t) (7c) of the conformational states (red arrow) modulate transition rates between states i and i + 1
at time t.
representing the system’s driven diffusive dynamics. For
i 6= j, the matrix elementRij(t) is the instantaneous rate
at which probability flows from state i to state j at time
t. Conservation of probability determines the diagonal
elements Rii(t) = −
∑
j 6=iRij(t).
Due to the three-fold symmetry of F1, we use equal
unperturbed energies for each of the system’s three mi-
crostates. Choosing this unperturbed energy as the zero
of the system’s energy, the transition rate matrix ele-
ments, as well as the system’s energy profile, depend on
the external sinusoidal potential according to
Ri,i±1(t) = min
(
1, e−β∆E
‡
i,i±1(t), e−β∆Ei,i±1(t)
)
(7a)
∆E‡i,i±1(t) = Emolec (7b)
− Etrap
[
cos
(
θ‡i±1 − θ0(t)
)
− cos (θi − θ0(t))
]
∆Ei,i±1(t) = −Etrap [cos (θi±1 − θ0(t))− cos (θi − θ0(t))] .
(7c)
To simplify this model system and reduce the parameter
space, we enforce the additional symmetry that mechani-
cal energy barriers are halfway between their correspond-
ing metastable states, at θ‡i,(i+1) mod 3 = (2i− 1)pi3 .
The system evolution is simulated over one full rotation
of the control parameter θ0 (ie. θ0(t) ∈ [0, 2pi]) lasting a
duration tΘ0 . The system begins at time t0 = 0 in peri-
odic steady state, and the control parameter θ0 evolves
according to the specified protocol. Appendix A gives
more simulation details.
We explore a parameter regime that includes a slowly
varying magnetic trap manipulation of a three-state ma-
chine with similar coarse-grained kinetics to F1. Here,
the rotational diffusion coefficient is dominated by the
contribution from the micron-sized magnetic bead, since
it is considerably larger than the crankshaft. A typi-
cal magnetic bead has radius r = 275 nm [30], and is
tethered via a streptavidin-biotin link to the machine’s
outer surface. The modified Stokes hydrodynamic rota-
tional diffusion coefficient for such a bead rotationally
diffusing around its edge is Dbead ≈ 4.5 rad2 s−1 [31].
By contrast, the hydrodynamic diffusion coefficient of
the isolated F1’s central shaft has been estimated as
Dshaft ≈ 7× 107 rad2 s−1 [32]. Appendix B gives details
on dynamical time scales.
IV. RESULTS
A. Friction coefficient
For our model, with the control parameter being the
energetic minimum of the magnetic trap, the conjugate
force f is the torque τ arising from the external magnetic
fields interacting with the magnetic bead. Figure 2 shows
the torque autocovariance 〈δτ(0)δτ(t)〉θ0 as a function of
fixed (dimensionless) control parameter θ∗0 ≡ θ0/2pi, for
given magnetic trap strength βEtrap and intrinsic me-
chanical barrier βEmolec.
Integrating the torque autocovariance function (3)
yields the generalized friction coefficient. The structural
threefold symmetry of our model produces a friction co-
efficient ζ(θ0) that is a periodic function of θ0 with a
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FIG. 2. Equilibrium autocovariance 〈δτ(0)δτ(t)〉θ0 of torque
fluctuations δτ exerted on the magnetic bead by external mag-
netic fields, across a range of times (within a plot), for differ-
ent values of the dimensionless control parameter θ∗0 ≡ θ0/2pi
(different colors within a given subplot), varying perturbation
strength βEtrap across columns, and varying intrinsic barrier
height βEmolec across rows.
periodicity of 2pi/3 (Fig. 3). We thus focus on the first
2pi/3 period since the other periodic images give identical
results.
Figure 3 shows that the generalized friction coefficient
varies significantly with varying trap strength βEtrap,
mechanical barrier βEmolec, and trap minimum θ
∗
0 . For
low barrier heights and weak magnetic traps, the fric-
tion coefficient is relatively small and flat, not varying
with the trap’s minimum. For increasing trap strength,
the friction coefficient increasingly varies with trap min-
imum. In particular, when a strong magnetic trap is
applied, across a given landscape the generalized friction
coefficient can vary significantly, by more than two orders
of magnitude.
Intuitively, a large friction coefficient is produced ei-
ther when two metastable states are of comparable en-
ergy (so equally probable) leading to a large torque vari-
ance, and/or for large integral relaxation time. For our
system, both these conditions generally occur when the
trap minimum is at the barrier location, θ0 = θ
‡
i(i+1) (ex-
cept when Etrap ≥ 2Emolec, due to our system’s coarse-
graining [see Appendix E]).
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FIG. 3. Generalized friction coefficient ζ(θ0) across a range of
trap minima θ∗0 ≡ θ0/2pi (within a curve), for varying pertur-
bation strength βEtrap (different colors of curves in a given
subplot), and varying intrinsic barrier height βEmolec across
rows. Appendix E discusses the dip in the friction coeffi-
cient at the barrier, for strong trap strength relative to barrier
height.
B. Minimum-dissipation driving velocity and
protocol
Given the variation of the generalized friction coeffi-
cient over as much as several orders of magnitude, the
designed driving velocity (5) also varies by orders of mag-
nitude across a given designed protocol, especially when
employing a strong magnetic trap (Fig. 4a).
The driving velocity profile across control parameter
space is invariant under changes in protocol duration
tΘ0 , up to a scaling constant to ensure that the protocol,
consisting of a full 2pi rotation of the control parame-
ter, completes in the allotted duration. Therefore, here
we present our results with respect to the dimensionless
time t∗ ≡ t/tΘ0 .
As energy barriers increase (top to bottom rows in
Fig. 4a), the optimal driving velocity near the energy
barrier decreases, indicating that near high energy barri-
ers, the system should be driven slow in order to keep
the instantaneous nonequilibrium probability distribu-
tion more similar to the equilibrium distribution. Physi-
cally, this slowdown near the barrier arises from the fact
that, in order to minimize dissipation, the designed pro-
tocol is constructed such that it allocates most of its time
near the barrier so as to let thermal fluctuations aid the
system in jumping over the energy barrier.
Integrating the velocity gives the control parameter
as a function of time (Fig. 4b). For low energy barri-
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FIG. 4. (a) (Dimensionless) Control parameter velocity
dθ∗0/dt
∗, as a function of control parameter θ∗0 ≡ θ0/2pi, on a
naive protocol (red dashed lines) and designed protocol (black
solid lines). (b) Control parameter θ∗0 as a function of dimen-
sionless time t∗ ≡ t/tΘ0 for naive protocols (red dashed lines)
and designed protocols (black solid lines). Same variation of
βEtrap and βEmolec as in Fig. 2.
ers relative to trap strength (Etrap  Emolec), when the
friction coefficient is relatively flat, the designed proto-
col doesn’t differ significantly from the naive protocol,
so no significant energy is saved by performing the de-
signed protocol; however, when the friction coefficient
varies strongly across control parameter space, as for
Etrap  Emolec, the designed protocol deviates signifi-
cantly from the naive protocol.
C. Excess power
Figure 5 shows the excess power as a function of trap
minimum. Note that—as in Fig. 3—we show data from
θ∗0 ∈ [0, 13 ], because θ∗0 ∈ [ 13 , 23 ] and θ∗0 ∈ [ 23 , 1] give iden-
tical results.
During naive protocols with sufficiently long proto-
col duration, the excess power varies by multiple orders
of magnitude and is periodic (dashed orange curves).
Conversely, designed protocols—still with long protocol
durations—have constant excess power across the proto-
col (solid orange curves in Fig. 5).
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FIG. 5. Instantaneous excess power Pex(t), on naive proto-
cols (dashed lines) and designed protocols (solid lines), for a
variety of protocol durations tΘ0 (different colors), as a func-
tion of instantaneous trap minimum θ∗0(t). Excess power is
calculated exactly via numerical master equation simulations
that do not assume linear-response. Same variation of βEtrap
and βEmolec as in Fig. 2
In general, the linear-response approximation (1)
works well when the system remains close to equilibrium
throughout the entire protocol. For driven systems this
is satisfied when the protocol duration is long (relative to
the relaxation timescale of the system) and hence when
the driving velocity is slow. Appendix C compares in
detail the linear-response approximation and the exact
system behavior.
If the protocol proceeds sufficiently slowly that the sys-
tem remains close to equilibrium throughout the protocol
(orange curves in Fig. 5), the excess power near a bar-
rier closely matches that of a bistable system (a two-state
system separated by an energetic barrier) driven by a har-
6monic trap with time-dependent minimum [22]. In this
case, the distant high-energy microstate and landscape
periodicity have negligible effect on the current distribu-
tion over microstates. When the system is driven further
from equilibrium, the nonlinear time-dependent external
force and periodic landscape lead to departures from the
bistable system behavior.
In both the naive and designed protocols, for suffi-
ciently short protocol duration (sufficiently high veloc-
ity), and particularly for Etrap  Emolec, the excess
power can become negative (curve disappears on a log-
arithmic plot). This results from the periodic boundary
conditions, as the control parameter ‘catches up’ to the
system. If the protocol is sufficiently short and the trap
is sufficiently weak, then in the first half of the protocol
(θ∗0 ∈
[
0, 12
)
), a large portion of the initial system prob-
ability cannot cross the first barrier and is therefore left
behind in the starting basin, thus the trap does excess
work on the system. In the second half of the protocol
(θ∗0 ∈
[
1
2 , 1
]
), the trap moves towards the starting state.
With much of the system probability still in the starting
state, as the trap nears a complete rotation, it ‘catches
up’ with the probability density it left behind, so the
system does work on the trap, resulting in the observed
negative excess power.
D. Excess work
Figure 6 shows that—in the parameter regime we
explored—designed protocols require less excess work
than naive protocols do. Moreover, for a given trap
strength βEtrap and molecular barrier height βEmolec,
total excess work initially increases linearly as proto-
col duration increases; however, with further increases
of protocol duration, the total excess work decreases lin-
early. The duration tcrossover—where the excess work is
maximized—decreases with increasing trap strength and
increases with increasing molecular barrier height.
Similar to the phenomenon of the negative excess
power, this maximum originates from the system’s pe-
riodic boundary conditions. For tΘ0 < tcrossover, as tΘ0
increases, the system has progressively more time to relax
in response to the imposed protocol, so more probability
follows the protocol, so the protocol does more work on
the system. Conversely, for tΘ0 > tcrossover, the system
follows the protocol and remains near equilibrium, linear-
response provides a good approximation, and so excess
work decreases as 1/tΘ0 [33, 34]. This competition leads
to the maximum at tcrossover.
E. Machine flux
We quantify machine progress by the total average net
flux J (hereafter simply flux ) during the entire protocol
covering a complete cycle [35, 36]. Figure 7 shows that J
approaches zero in the limit of short protocol durations,
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FIG. 6. Total excess work Wextot duringnaive protocols (red
dashed lines) and designed protocols (solid black lines), as a
function of protocol duration tΘ0 . Total excess work is calcu-
lated exactly from the numerical master equation simulations,
not assuming linear-response. Same variation of βEtrap and
βEmolec as in Fig. 2
whereas it achieves a limiting value at sufficiently long
protocol durations. This limiting value is unity for large
βEtrap. The duration tlimit at which J nears its limiting
value decreases with increasing βEtrap and increases with
increasing βEmolec. The flux only differs substantially
between protocol types at the largest βEmolec and βEtrap
(bottom right subplot).
When the control parameter is at a metastable state,
energy barriers are relatively low (compared to adja-
cent states), thus maximizing flow into the single ground
state. Since the system lags the control parameter, there
is more probability in the previous state than in the next
state, so the net flux is forward. By contrast, when the
control parameter is at the barrier, the barriers are rela-
tively high, limiting flux in either direction. Thus instan-
taneous flux is higher when the control parameter is at a
metastable state and lower when at an energetic barrier.
For short protocol durations, the naive protocol pro-
duces a higher flux than the designed protocol for a sim-
ilar protocol duration. The designed protocol spends a
comparatively small proportion of the protocol duration
with the control parameter near a metastable state, so as
to increase the time spent near the barrier and thus in-
crease the opportunity for thermal fluctuations to carry
the system over the barrier; however, instantaneous flux
is maximized when the control parameter is at a basin
and thus, for short protocol durations, the designed pro-
tocol misses regions of greatest instantaneous flux, pro-
ducing a lower total flux over the entire protocol.
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FIG. 7. Flux J during a complete naive (red dashed lines) or
designed protocol (solid black lines), as a function of protocol
duration tΘ0 . Dotted gray line denotes unity. Same variation
of βEtrap and βEmolec as in Fig. 2.
F. Distance from equilibrium
We use the relative entropy (Kullback-Leibler diver-
gence) [37] between nonequilibrium and equilibrium dis-
tributions,
D [p(t)||pi(θ∗0(t))] ≡
∑
i
pi(t) ln
[
pi(t)
pi(θi|θ∗0(t))
]
, (8)
as a physically meaningful measure of difference [38, 39],
from the equilibrium distribution
pi(θ∗0(tn)) ≡ [ pi(θ1|θ∗0(tn)), pi(θ2|θ∗0(tn)), pi(θ3|θ∗0(tn)) ] ,
(9)
because it is proportional to the work available as a sys-
tem relaxes from the nonequilibrium distribution to the
equilibrium distribution.
Intuitively, longer-duration protocols keep the system
closer to equilibrium, and thus lead to a smaller relative
entropy. Figure 8 indeed shows that as protocol duration
increases, the time-averaged distance from equilibrium
〈D [p(t)||pi(θ∗0(t))]〉tΘ0 decreases.
Figure 8 also shows that a designed protocol typically
keeps the system closer to equilibrium than the corre-
sponding naive protocol does, with an exception for the
strongest trap and highest barrier energy during proto-
cols of intermediate duration. Appendix D provides de-
tailed analysis of the instantaneous distance from equi-
librium.
For long protocol durations, the designed protocol is on
average closer to equilibrium than the naive protocol is.
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FIG. 8. Time-averaged relative entropy (Kullback-Leibler di-
vergence) 〈D [p(t)||pi(θ∗0(t))]〉tΘ0 between the instantaneous
nonequilibrium distribution p(t) and the equilibrium distri-
bution pi(θ∗0(t)), as a function of protocol duration tΘ0 , for
naive (dashed lines) and designed protocols (solid lines), for
various protocol durations (different colors). Same variation
of βEtrap and βEmolec as in Fig. 2.
In this regime, the system obeys linear-response, having
ample time to respond to the imposed perturbation. This
is consistent with the derivation producing (5), predicting
that the designed protocol should keep the system closer
to equilibrium in the linear-response regime.
For intermediate durations, the designed protocol can
drive the system further from equilibrium than the cor-
responding naive protocol. Here, the system responds
significantly to both protocols, as reflected by the flux at
these protocol durations being near unity. The designed
protocol is specifically crafted so that it spends, propor-
tionally, the smallest amount of time at the metastable
basins of the system, so as to maximize the amount
of time that it spends at the energetic barriers. This
increases the likelihood that thermal fluctuations can
kick the system over the barrier, and hence reduces the
amount of external work required. However, as discussed
in § IV E, this means that the designed protocol spends
less time where flux is highest—the metastable basins—
and instead spends the most amount of time where the
flux is the smallest—the energetic barriers. Avoiding ar-
eas where flux is greatest, it can drive the system further
from equilibrium. Conversely, the naive protocol spends
equal proportions of time at the basin and at the barrier,
so can keep the system closer to equilibrium.
For the shortest protocol durations, the designed pro-
tocol is on average closer to equilibrium than the naive
protocol is. As seen in Fig. 7, at high βEtrap and βEmolec
8the naive protocol produces greater flux—as much as
two orders of magnitude greater—than the correspond-
ing designed protocol. For this rapid driving, the extra
flux in the naive protocol takes the form of the system
following—but persistently lagging—the control param-
eter, thus increasing the distance from equilibrium com-
pared to the designed protocol where the system is rela-
tively unresponsive, hence in a periodic landscape equally
likely to be lagging or ‘ahead of’ the control parame-
ter. For low βEtrap or βEmolec, the two protocol types
produce comparable flux and comparable distance from
equilibrium.
G. Coefficient of performance
To investigate this tradeoff between induced flux and
expended work, we quantify the coefficient of perfor-
mance as COP ≡ J/W extot, where W extot is the total excess
work (the energy input), and J is the flux over a full pro-
tocol and hence—given our assumption of tight coupling
between mechanical motion and ATP synthesis—the ma-
chine output. Figure 9 shows the COP for the naive and
designed protocols as a function of protocol duration.
In general, at a given mechanical barrier height and
trap strength, the COP increases as a function of pro-
tocol duration: in the linear-response regime the flux J
doesn’t vary with duration (Fig. 7), while the excess work
W extot decreases as the inverse duration, producing an ar-
bitrarily high COP with arbitrarily long duration. The
COP on designed protocols, in particular, scales approx-
imately linearly with protocol duration. For low trap
strengths and low mechanical barrier heights (upper left
subplots of Fig. 9), when the designed protocol closely
resembles the naive, the COP for both protocols follows
the approximate linear scaling with protocol duration.
By contrast, in other regions of parameter space, there is
a distinct crossover duration, below which the naive pro-
tocol has a higher COP than the designed protocol, and
above which the opposite is true. The crossover protocol
duration decreases with trap strength and increases with
barrier height.
For the system to follow the magnetic trap in phase, it
must overcome the activation energy barriers. The larger
the energy barrier βEmolec, the smaller the transition rate
across the barrier, the longer the relaxation time across
the barrier, and hence the larger the friction coefficient.
The magnetic trap lowers the relative energy of the states
and barriers near its minimum, thereby favoring system
motion toward the trap minimum; hence, the stronger
the magnetic trap, the greater the likelihood that the
system will remain in phase with it. Therefore, in order
for the system to faithfully follow the magnetic trap, the
system’s kinetics must be relatively fast compared to the
speed of the protocol, owing to some combination of the
trap being sufficiently strong to overpower the system
barriers and the protocol proceeding sufficiently slowly.
In summary, for modest-to-long protocol durations,
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FIG. 9. Coefficient of performance COP ≡ J/W extot as a func-
tion of protocol duration tΘ0 , for naive (dashed red lines)
and designed protocols (solid black lines). Same variation of
βEtrap and βEmolec as in Fig. 2.
the designed protocol remains closer to equilibrium, re-
quiring less excess work (Fig. 6), and hence achieving a
greater COP.
V. CONCLUSION
Inspired by the growing interest in characterizing
nonequilibrium properties of small stochastic systems,
we have used a recently developed linear-response frame-
work [15] to describe the designed driving protocols of a
stochastic model system. This model system represents
rotary mechanochemical molecular motors (most notably
F1-ATP synthase) that couple periodic mechanical mo-
tion to progress of a chemical reaction.
We found that the driving velocity of protocols de-
signed to minimize work can vary by orders of magnitude
across a given protocol, leading to designed protocols
that deviate significantly from naive protocols. In par-
ticular, a stochastic system generally dissipates less extra
energy during a driven nonequilibrium process when the
external driving proceeds rapidly away from mechanical
energy barriers, then slows down around barriers to pro-
vide sufficient time for thermal fluctuations to kick the
system over barriers with minimal energetic cost.
We tuned the operation of a rotary mechanochemi-
cal system according to a continuous and determinis-
tic schedule that—near equilibrium—minimizes the ex-
cess work; however, unlike single-molecule experiments
performed in vitro, autonomous molecular motors—
including F1-ATP synthase—are themselves driven by
9strongly fluctuating soft-matter objects (other pro-
teins or protein subunits), and thus generally experi-
ence stochastic rather than deterministic driving proto-
cols [40]. Furthermore, chemical reactions occur on much
faster timescales than protein conformational rearrange-
ments, so chemical driving consists of effectively discrete
control parameter jumps. Stochastic discrete protocols
therefore more faithfully recreate the driving conditions
of autonomous molecular machines. The intuitive impli-
cation is that to reduce energetic costs (protons run down
the electrochemical potential difference across the mito-
chondrial membrane), Fo should position its metastable
states at F1’s hopping regime, thereby utilizing thermal
fluctuations during Fo’s pauses to cross F1’s energetic
barriers.
Unlike previous work which examined designed driving
on non-periodic energetic landscapes [22], the periodic
boundary conditions of this simple model system allow
for the possibility of the protocol to finish a cycle of op-
eration with most of the probability density remaining
where it started, with the protocol effectively ‘lapping’
the system. This decrease in flux also results in a decrease
in the required excess work to perform the protocol, since
most of the excess work accumulated throughout the pro-
tocol is recovered when the protocol returns to the initial
state. This suggests that there are non-trivial tradeoffs
between protocol duration, energetic cost, and flux max-
imization that would be an interesting avenue for future
research.
As energy barriers increase, force fluctuations relax
more slowly, and hence standard methods for estimat-
ing the integral of the autocovariance function become
increasingly computationally expensive. For future re-
search, approximations of slowly relaxing correlation
functions [21] may prove useful, and in simpler systems
one can sidestep altogether the explicit calculation of the
autocovariance function [41].
Current experimental methods can test these general
predictions: initial experiments on F1 would hold the
magnetic trap orientation constant at different angles θ0,
measure the ensuing force autocovariance function, and
thereby approximate the generalized friction coefficient.
Rapid rotation of the magnetic trap according to the pre-
dicted optimal schedule or alternatively with a constant
angular velocity (naive) schedule could quantify the en-
ergetic savings accruing to efficient operation [42].
ACKNOWLEDGMENTS
The authors thank Steven Large, Aidan Brown, and
Alexandra Kasper (SFU Physics) for insightful discus-
sions and comments on the manuscript. This work was
supported by a Natural Sciences and Engineering Re-
search Council of Canada (NSERC) Discovery Grant
(D.A.S.), a Tier-II Canada Research Chair (D.A.S.), and
was enabled in part by support provided by WestGrid
(www.westgrid.ca) and Compute Canada Calcul Canada
(www.computecanada.ca).
Appendix A: Simulation details
Each simulation step consists of work and heat sub-
steps. First, the external control parameter changes from
θ0(ti) to θ0(tn+1) according to
θ0(tn+1) = θ0(tn) +
dθ0
dt
∣∣∣∣∣
t=tn
∆t , (A1)
thereby performing on the system an ensemble-averaged
work,
Wi,i+1 = 〈E(Etrap, θ0(tn+1))〉p(tn)
− 〈E(Etrap, θ0(ti))〉p(tn) , (A2)
for ensemble average 〈· · · 〉p(tn) over the instantaneous
distribution
p(tn) ≡
p(θ1|tn,Θ0(tn))p(θ2|tn,Θ0(tn))
p(θ3|tn,Θ0(tn))
T , (A3)
with control parameter history Θ0(tn) ≡ {θ0(t′)}tnt′=0 and
internal energy Ej(Etrap, θ0(tn)) = Etrap cos(θj − θ0(tn))
for state j at a given control parameter θ0(tn), all at time
tn.
Secondly, the system relaxes at fixed control parameter
value θ0(tn+1). The system’s dynamics evolve according
to the Master Equation (6),
p(tn+1) = p(tn) exp (R∆t) . (A4)
Here the timestep ∆t ≡ tn+1 − tn is chosen to be much
less than the time scale over which the transition rates
change significantly so that, to a good approximation,
R(tn+1) =R(tn) =R.
The system probability distribution evolves over the
course of a full protocol Θ0, described by a set of control
parameter values
Θ0 ≡ Θ0(tΘ0) = {θ0(t′)}tΘ0t′=0 . (A5)
Thus control parameter θ0 evolves with velocity
dθ0
dt
∣∣
t=tn
at time tn.
We are most interested in steady-state behavior, com-
pared to transients following some arbitrary initializa-
tion. Thus we initialize the system by evolving from an
equilibrium distribution for θ0(0) = 0 until it reaches
a periodic steady state, characterized by the system re-
turning to the same distribution at identical points in
its periodic cycle, as judged by total variation distance
being less than some small number:
1
2
3∑
i=1
|pi(t)− pi(t+ tcycle)| < 0.00001 , (A6)
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where tcycle is one cycle duration.
We choose the integration time step size ∆t to satisfy
dθmax0
dt
∆t ≤ 10−2 . (A7)
Since the fastest velocity we have explored in this work
is dθmax0 /dt ∼ 103, we use ∆t = 10−5.
The total work W is the sum of substep works [43].
The excess work is
Wex ≡W −∆F , (A8)
where
∆F = F (θ0(tn+1))− F (θ0(tn)) (A9)
is the equilibrium free energy difference. The equilibrium
free energy is
F (θ0(tn)) = 〈E(Etrap, θ0(tn))〉pi(θ0(tn)) − S(θ0(tn)) ,
(A10)
and the equilibrium entropy is
S(θ0(tn)) = −
∑
i
pi(θi|θ0(tn)) ln[pi(θi|θ0(tn))] . (A11)
Excess work is zero for an infinitely slow protocol.
The average net probability flux for a simulation step
n is calculated from the instantaneous distribution (with
evolution governed by the numerical master equation, not
assuming linear-response), by summing the fluxes at each
of the substeps of the simulation:
3J(tn) = p(θ1|tn,Θ0(tn)) (R12 −R21)
+ p(θ2|tn,Θ0(tn)) (R23 −R32)
+ p(θ3|tn,Θ0(tn)) (R31 −R13) . (A12)
The total average net probability flux sums J(tn) over
all simulation steps.
Appendix B: Setting the time scale
To map simulation time to physical time, we set the
physical diffusion coefficient equal to the simulation dif-
fusion coefficient. The experimental rotational diffusion
coefficient is approximately (according to the Stokes-
Einstein relation) D = (βmγ)−1, for inverse temperature
β ≡ (kBT )−1 and frictional drag coefficient mγexp =
8piηr3 + 6piηy2r of a spherical bead rotationally diffus-
ing about a point a distance y from the center of the
bead [31]. In a typical experiment, the magnetic bead
is tethered to the molecular machine via a streptavidin-
biotin linkage [30, 44], so the bead rotationally diffuses
about its edge, giving y = rbead. Our calculations as-
sume a bead with radius rbead = 275nm, within the
range of typical sizes for beads of this type. We also
use typical experimental parameters for water viscos-
ity η = 10−9 pN s nm−2 and temperature T = 300 K.
We thus estimate an experimental diffusion coefficient
Dexp ≈ 4.5 rad2 s−1. The simulated diffusion coeffi-
cient can be calculated from the rate matrix R to be
Dsim ≈ 4.4 rad2 (∆t)−1. Therefore, the simulation diffu-
sion coefficient equals the estimated experimental diffu-
sion coefficient for ∆t = 1 s, thereby setting the simula-
tion time scale.
Appendix C: Comparing linear-response
approximation to exact results
We construct the approximations to the excess power
by using the definition in (1). Setting the velocity con-
stant (naive protocol) in the approximation (1) gives that
the structure of the excess power should match the struc-
ture of the friction coefficient. On the other hand, doing
the same thing—except using the designed velocity (5) in
the approximation—gives that the excess power should
be constant throughout the protocol.
Fig. 10 shows that during both protocol types, as the
protocol duration increases (driving velocity decreases),
the exact system behavior converges to the approxima-
tion; however, the exact excess power disagrees with
the expected result at short protocol durations. In this
regime, if the protocol duration is sufficiently short and
the trap strength is small relative to the height of the
barrier, the exact excess power even becomes negative.
Appendix D: Instantaneous relative entropy
Figure 11 shows the instantaneous relative entropy as a
function of instantaneous control parameter. For shorter
protocols, both protocol types take the system equally far
from equilibrium. With increasing protocol duration the
designed protocol keeps the system a distance from equi-
librium that stays relatively constant over the entire pro-
tocol. By contrast, the naive protocol produces a more
variable deviation from equilibrium, with the largest de-
viation occurring when the trap minimum is at the bar-
riers.
Appendix E: Discretization artifact in the relaxation
time
Our highly simplified model produces a strange phe-
nomenon: when Etrap & 2Emolec, the friction coefficient
dips at the barrier (seen as small divots at the peak
of three friction coefficient curves in Fig. 3a). When
the trap minimum is at a barrier, the energies of the
states flanking the barrier are equal, and the third (and
only other) state, located opposite the barrier, has much
higher energy and thus negligible equilibrium probabil-
ity. For such a strong trap, the energy of the barrier
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FIG. 10. (a) Excess power Pexnaive during the naive proto-
col, and (b) excess power Pexdesigned during the designed proto-
col, each as a function of instantaneous trap minimum θ∗0(t).
Solid curves show excess power calculated exactly via numer-
ical master equation simulations that do not assume linear-
response. Dotted curves show analytical estimates using the
control parameter velocity and the friction coefficient. Dif-
ferent colors represent different protocol durations tΘ0 . Same
variation of βEtrap and βEmolec as in Fig. 2.
equals or falls below those of the adjacent states, and
thus ceases to function as a true energetic barrier. Since
our model only resolves a small number of states and bar-
riers, this produces an anomalously low relaxation time
compared to when the trap minimum is near but not
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FIG. 11. Relative entropy D [p(t)||pi(θ∗0(t))] between instan-
taneous nonequilibrium distribution p(t) and the equilibrium
distribution pi(θ∗0(t)), as a function of instantaneous trap min-
imum θ∗0(t), for naive (dashed lines) and designed protocols
(solid lines), for various protocol durations (different colors).
Same variation of βEtrap and βEmolec as in Fig. 2.
directly at the barrier (seen in the anomalously nega-
tive slopes of some θ0 = pi/3 autocovariance functions in
Fig. 2a). This artifact—of a mild decrease in friction co-
efficient near the barrier—vanishes for more complicated
models, for example those with a continuous state space
that retain barriers even when Etrap & 2Emolec.
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